COMPLEX, SYMPLECTIC AND KAHLER STRUCTURES 
ON FOUR DIMENSIONAL LIE GROUPS 



GABRIELA OVANDO 

Abstract. In this work wc deal with left invariant complex and sympleetic 
structures on simply connected four dimensional solvable real Lie groups. We 
search the general form of such structures, when they exist and we make use of 
this information to determine all left invariant Kahler structures. Finally, as 
an appendix we compute explicitly the cohomology over M of the corresponding 
Lie algebras. 



1. Introduction 

The study of complex and sympleetic manifolds has attracted the attention of 
many authors interested in different fields in mathematics and physics since complex 
and sympleetic structures have proved to be an important tool in the description 
and geometrization of several phenomena. A complex manifold posseses a complex 
structure on the underlying real manifold M, that is a differential tensor J defined 
on TM such that: (1) - Id and (2) Nj{X,Y) = for all X,Y e S(M), the 

so-called Nijenhuis condition. It is also known that the existence of such a tensor 
J on a real manifold M, which satisfies condition (1) and (2) allows to construct 
complex coordinates on M. 

If the manifold is homogeneous, the list of articles related with complex and/or 
sympleetic questions is quite large. Existence conditions of sympleetic forms on 
homogeneous spaces were found by Chu |Ch| in the beginning 1970s. On the other 
hand homogeneous complex manifolds for example were classified in different stages 

[TTf?] |Wi] . 

From the point of view of Lie groups the existence problem of left invariant 
complex structures was treated by Samelson iSrnj and Wang |Wa| in the compact 
case and by Morimoto |Moj in the non compact case. Detailed classifications of left 
invariant complex structures when the Lie group is GL(2,M), U{2), SL(3,M) were 
given by Sasaki |Ssl| . |Ss2| . and when G is a simply connected solvable Lie algebra of 
dimension four by Snow |Snj and the author jQj . The last two works were oriented to 
the study of the existence of left invariant complex structures and the determination 
of the underlying complex manifold. The method used in these articles was based on 
the algebraic data related to the Lie algebra. In particular the techniques used for 
the explicite classifications in the last cases seem not to be adequate for the similar 
purpose in higher dimensions. Another point of view is treated in other kind of 
articles, which deal with other features of complex and sympleetic structures (just 
only in the solvable case see jA-(4-S| jRH) j(^F-(4-Uj |f11] [(TR] (HI| or for the 
study of the moduli space of complex structures |A-F-G-J\^ 1. 
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The addition of an extra structure on the differential manifold such as (pseudo)- 
Riemannian metric or a symplectic structure compatible or not with the complex 
structure introduces a new tool to be handled on the investigation of these objects. 
In this context the methods of rational homotopy theory have been applied suc- 
cessfully to symplectic geometry. These techniques were useful in attacking many 
geometric problems such as the construction of symplectic manifolds with no Kahler 
structure among others (see (O-T) for a compilation on this topic and other articles 
such as m prn| \F (i-ii\ m |M3 for example). 

The purpose of this article is to study the space of left invariant complex and 
symplectic structures on solvable simply connected four dimensional real Lie groups 
(in fact, it is well known that semisimple Lie groups do not admit symplectic struc- 
tures ,ChJ. Based on a table presented in the next section, which describes all 
solvable Lie algebras of dimension four (see |A-B-D-0] 1 and by using explicit com- 
putations in the next two sections we describe the general form of such a complex 
or symplectic structure. Note that particular cases, namely exact symplectic struc- 
tures, were related with the existence of invariants \Vja\ . All this information was 
used in the last section to search for Kahler structures. From our results we observe 
that not any case admits a complex and/or a symplectic structure. Moreover there 
are examples in which there exist a complex and a symplectic structure but not a 
Kahler structure. As an appendix we compute explicitely the real cohomology of 
the corresponding Lie algebras. 

The author thanks L Dotti for useful comments and general supervision and 
specially M. Fernandez for her valuable contributions and for suggesting the subject 
of this article. 

If G is a simply connected Lie group then its Lie algebra will be denoted with 
greek letters g and identified as usual with the left invariant vector fields of G. 
The vector space generated by the vectors vi, . . .Vj will be denoted {vi, . . . ,Vj). 
Throughout this paper we assume that Lie groups are simply connected (and so 
there is a bijection between the set of simply connected Lie groups and the set of 
Lie algebras). 

2. Preliminaries 

Since we are interested on left invariant structures, our work is reduced to the 
Lie algebras of the corresponding Lie groups. Thus the first step is to determine 
the different classes of Lie algebras, which are our topic of study. Let g be a four 
dimensional solvable real Lie algebra. The following table shows the different types 
of such Lie algebras (see |D], |Mu| or for a complete proof |A-B-D-0) V 

Proposition 2.1. Let G be a simply connected solvable four dimensional real Lie 
group. Then G has a Lie algebra g equivalent to one and only one of the Lie algebras 
listed below: 






Lie bracket relations 


0' 


04 


[ci, Ej] = 0, for all ei,ej 





rfi3 


[£1,62] = 63 
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[(='1 /='nl — Pn \P^ Pol — Pn -1- Po 


( Po P^i) 
^2/ 


AG [-1,1] 


\p-, pri\ — pr, T/^i Pol — Apo 


/ p^ \po\ 


7 > 


\p^ Pn 'VPo — P'l Pi Po -4- '~yp'i 


I Po Po ) 

\e2, 03/ 




\ 1 Pi P ■) P /I t 

[01 , 02 J — f^2 5 [c; j , C4J — 1-4 , 


(62 , 64) 


to 


rpi Pol — Po \p^ P a\ — Pa 

[e2, 63] = 64, [62, 64] = —63 




"4 


[64,61] = 62, [64,62] = 63 


(62,63) 


T4 


[64,61] = 61, [64, 62] = 61 + 62, [64, 63] =62 + 63 


{61, 62, 63) 


t4,n 

/i 6 K 


[64,61] = 61, [64,62] = ^i62, [64,63] = 62 +^i63 


(61,62,^63) 


a/3 / 
-1 < a < P <1 


\p . p-\ \ — Pi fpi Pnl — PvP'i \pa Pol fipo 


/p., p^ Po \ 

\ci , C2i c^/ 


4,7,(5 

7 e E,5 > 


P/i Pi \ — P-\ \pa — "ypn — nP-j 

[64,63] = Se2 + 763 


( Pi Po Po) 


04 


\€^ Gr>\ = 6'^ \Ga 6i 1 = 6i f64 69! = — 69 


/pi Po Po\ 
\'-- 1 , '-'Z , '-•0 / 


04.A 


[61,62] = 63, [64,63] = 63, 

[64,61] =A6i, [64,62] = (1 - A)62 


{61, 62, 63) 


5 > 


[ei, 62] = 63, [64, 61] = §61 - 62, 
[64,63] = (563, [64,62] = 61 + |62 


{61, 62, 63) 


S)4 


[61, 62] = 63, [64, 63] = 63, 
[64,61] = ^61, [64,62] = 61 + §62 


(61,62,63), 



Table O 



Remark 2.2. For an explanation concerning the Lie groups which admit a cocom- 
pact quotient, see for example the work of Oprea and Tralle |0-T| . 

Remark 2.3. The case r2r2 corresponds to the Lie algebra aff(R) x aff(R), the case 
t2 corresponds to the Lie algebra aff(C), rcs^-i is the trivial extension of e(l,l), 
the Lie algebra corresponding to the Lie group of rigid motions of the Minkowski 
2-space; rjj q is the trivial extension of e(2) the Lie algebra of the Lie group of rigid 
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motions of M^; rf)3 is the trivial extension of the three-dimensional Heisenberg Lie 
algebra denoted by [)3. 

3. Complex structures 

An invariant complex structure on a real Lie group G is a complex structure on 
the underlying manifold such that left multiplication £g, g ^ G (but not necessarily 
right multiplication) by elements of the group are holomorphic with respect to 
this structure. Because of the Newlander-Niremberg theorem |N-N| we have the 
following equivalent definition: 

Definition 3.1. An invariant complex structure on a real Lie group G is an endo- 
morphism J of g the Lie algebra of G, such that: 

(i) J2 = -Id; 

(ii) = [JX, JY] - [X, Y] - J[JX, Y] - J[X, JY] yX,Y e g 

Condition ii) is called the integrability condition of J and usually for X, X m g 
one denotes by Nj{X,Y) the right hand of equality ii) and thus the integrability 
condition is announced as Nj{X, y) = for all X, F € g. 

By extending J in a natural way to g"' = g (^r C the complexification of the 
real Lie algebra q, it is possible to have an equivalent condition to that given in 
Definition We denote by a the conjugation in g"' with respect to the real form 
g, that is, a{X + iY) = X - iY, X,Y e g. 

Proposition 3.2. A real Lie group G has a left invariant complex structure if and 
only if g"" admits a decomposition as a direct sum of vector spaces: 

(1) g^ = q®<7q 

where q is a complex subalgebra of g^ . 

Proof. Condition (i) in Definition 13.11 gives a decomposition of g^ into a direct 
sum of subspaces (the eigenspaces of J). Condition (ii) is equivalent to the fact 
that these subspaces are subalgebras. Conversely, given a complex subalgebra q 
satisfying let J be the almost complex structure defined on g^ by JX = —iX, 
JaX = iaX, for X € q. Since Ja = aJ, it is possible to define J on g. Using the 
fact that q is a subalgebra, it is not hard to see that J is integrable. 

Thus, the previous proposition shows that there exists a one to one correspon- 
dence between left invariant complex structures J and subalgebras q satisfying Q . 

The subalgebras which satisfy |^ are called (invariant) complex subalgebras. 

We say that two invariant complex structures Ji and J2 on a real Lie group are 
equivalent if there exists x G Aut(g) such that xJi — J2X. In terms of complex 
subalgebras, we say that two invariant complex subalgebras, qi and q2 are equiva- 
lent if there exists y E Aut(g'') such that ya — ay and yqi — q2. Note that both 
equivalent conditions are equivalent. 

As we said in the Introduction invariant complex structures were classified by J. 
Snow |Snj and G. Ovando [01 . They search for non equivalent classes and determine 
the underlying complex manifold related to the complex structure. But they did 
not investigate the space of complex structures. It is our aim now to give the 
general form of any complex subalgebra for a simply connected four-dimensional 
solvable real Lie algebra g. Observe that only partial results can be found in the 
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papers of |Snj jO], so the third column (Q) of the table of the following Proposition 
completes this information. 



Proposition 3.3. Let G be a simply connected four dimensional solvable real Lie 
group. Then in the notation of Provosition Wj[ the following table shows the non- 
equivalent classes of complex subalgebras q i^|Snj . jOly'ja^wi the general form of any 
such complex subalgebra, denoted by Q, only in those cases when they exist: 
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Case 


q 


Q 




( Pi -1- ipn Po -\- ip A \ 


(61 + 6162 + dl64, 63 + 6(264) 

Im 61 Im d2 ^ 




(ei + ie2, 63 + ieA) 


(61 + 6162 + dl64, 63 + 6(264) 
Tm n-i Tin fin 

±111 \J\ Alii t42 ~f~ \J 




(ei + ie4, 63 + 162) 


(61 + 6162 + dl64, 6262 + 63) 

Tm rin Tm n 
±111 1/2 -lA-'-'- t*l ~f~ yj 




(ei + 164, 62 + 163) 


(61 + C163 + C(l64, 62 - (27 + £1)63) 

£ = ±1, Imdi ^ 


77^0 


(e-i + 264, 62 - (27 + 1)63), 
(61 + i64, 62 - (27 - i)63) 




\6l -f- Z62, 63 -f- *64y 


\ei 0162 cz.ie4, 03 -|- 0264/ 
Im 61 Im ^2 ^ 


^2 


(61 + 163, 62 + 164) 
(61 + i6l62,63 + 164), 

Tm /)i =^ n 


\ei "h Ciea "h 0164, 62 0163 -h 0164/ 
(Imci)^ + (Imdi)VO 

/o-, 1 C"1 1 li t C A £>n CI £> a\ c —1— 1 

\t.l cfct-2 t*lt-4j t-S cfct-4/) — ^± 

(61 + 6162 + dl64, 63 + £«64) 
F hi Tm hi 3^ n 


r4,i 


(64 + i63, 61 + i62> 


(64 + 6162 + C163, 61 + 6262) 
Tm r"-! Tm hn ^ 


t4,a,l 

a 1 


(64 + i62, 61 + 163) 


(64 + 6162 + 6163, 61 + C263) 
Im 61 Im C2 


a ^0,1 


(64 + 161, 62 + ^63) 


(64 + 0161 + 6163, 0261 + 62 + 6263) 
Im ci Im 02 — Im oi Im C2 ^0 


''4,7, « 


(64 +161,62 +163), 
(64 + 161, 62 - 163) 


(64 + 0161 + C163, 62 + £^63) 
£ = ±1, Imol ^0 


04 


(61 - 163,64 + 162), 
(64 + i(62 + 63), 61 - 163) 


(64 + fei62 + 6163,61 — 6163) Imfci / 
(64 + ai6i + C163, 62 — 0163) Imai 7^ 
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54,1 


(64 - iei, 62 + 163) 


(64 - 6261 + 6163, 62 + C263) 

Im 62 / 


^i,l/2 


(64 + 263, ei + 162) 
(64 + 163, ei - i62> 
(64 + 161, 62 — 2163) 


(64 + i)l62 + 6163, 61 + 6262 + 2&163) 

2lm^ hi -Imci Im62 

I p X _1_ n -I p-i — i- c-\ f>'i n x~,f>-i -i— f>t~, '^n -I Pol 

\C4 ^ Ltici ^ CI t;3 , U2t;i ^ C2 ^^Lf^d/ 

2 Im^ ai + Im ci Im 02 7^ 


04,A 

A / 1/2, 1 


(64 - Ai6i,62 +463) 
(64 + (1 - A)i62, 61 + 463) 


(64 - Ae26i + 6163, 62 + C263) 
(54 + (1 — A)e2e2 + C163, 61 + 6263) 
Tm ro ^ n 


04,0 


(64 — 463, 61 + 162) 

/p. jp.j -I- 7 p ) 
\^c.4 ^ t'^Ot '--1 \ f'^Z/ 


(e4 + ciea — £20262, 0263 + ei + £^62) 
/ p^ (^1 f^'Q — P'ipnp'^ c^p'i A- p^ A- Fip^\ 

e — ±1, Rec2lmc2 +Imei / 


04,4 

5 > 


(64 + 263,61 — 162) 

(64 — 163, 61 + 162) 
(64 + 263, 61 + 262), 
(64 - 463,61 — 163) 


(64 + 6163 + (5/2 — ej)c262, 
61 + £262 + 6263), e = ±1, 

£ Imci + Imc2( — 1 Imc2 — £ Re 62) / 


fl4 


(64 + 462, 61 + 2163) 


(64 + &162 + C163, 26163 + 61) 
Im 61 7^ 



Table rO 



Proof. It is not our purpose to give a complete proof, which consists of many 
technical computations, but to write the idea of the proof. In fact the mentioned 
papers |Sn| [0] (or in the three dimensional commutator case also Qlj) show ex- 
plicitly the computations in particular cases. These computations are repeated in 
each case and follow from the following reasoning. 

If there exists q an invariant complex subalgebra of g"', then there are elements 
U^V ^ of the form: 

[/ = 64 + aid + ^162 + cies, V = 0261 + 6262 + 0263 

(by changing subindiccs if necessary) which are a basis of q and 

(2) [U, V]^I3V 13 eC 

From ^ we get a system of equations, such that, the existence of solutions 
(that is, the existence of coefficients ai,bi,Ci and /?) is equivalent to the existence 
of complex subalgebras,when we imposed an extra condition to make of the set 
{U, V, all, aV} a basis of g* . 

Remark 3.4. For explicit computations of the authomorphism group of these Lie 
algebras see |U2| or in the three dimensional commutator case see |U1| . 

Remark 3.5. A complex structure J is said to be abelian if it satisfies [JX, JY] = 
[X, Y] for all X,Y ^ g, or equivalent in terms of complex subalgebras, if q (or crq) 
is abelian. 
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In dimension four only the solvable real Lie algebras with a commutator of 
dimension less than three can admit a abelian complex structure. In fact, that 
occurs in the cases 04, r4,o,Oj ^^3: ^2^2, ^'27 ^4,1- 

A complex structure J introduces on g a structure of complex algebra if Joadx = 
ado JX for all X £ g, and so (g, J) is a complex algebra, and that means that the 
corresponding simply connected Lie group is also complex, that is, left and right 
multiplication by elements of the Lie group are holomorphic maps. Only the Lie 
algebras 04, the abehan one, and r'j, aff(C), admit a such kind of complex structures. 
This fact can be proved by checking the Table HOI 

An hypercomplex structure on a Lie group G is a pair of complex structures 
Ji, J2 such that J1J2 = —J2Ji- The hypercomplex structures on four dimensional 
real Lie algebras were classified by L. Barberis f [5]). 

4. SYMPLECTIC STRUCTURES 

Let M be a differential manifold, denote as usual by A'^'(-^^) t^i^ space of all 
smooth fc-forms, and by A*{M) the algebra of all differential forms. Denote by 
d : A*(M) A*{M) the unique antiderivation of degree +1 which satisfies 

i) d2 ^ 

ii) Whenever / e C°°(Af) = A°(7\f), df is the differential of /. 
Let us recall some properties of d: 

iii) d{LOi A UJ2) = dcui A cj2 + A dL02 uJi 6 JV{M), uj2 £ A*(M) 
iv) 

dLj{Yo,...Yp) = j:P^„{~iyYMYo,...,Y,,...,Yp)+ 

+ E^<,i-'^y^'^i[Y^,Y,], . . . , y„ . . . , y„ . . . y,) 

In particular, when M — G is a Lie group and the considered forms are left 
invariant, then the first sum of the right hand in iv) vanishes. 

Definition 4.1. A symplectic structure on a 2n-dimensional manifold M is a 2- 
form u! G A^(M) such that: 

i) uj is closed , that is duj = 0, 

ii) a; is a volume form on M. 

Our aim now is to study the existence of left invariant symplectic structures on 
a four dimensional solvable real Lie group. Left invariant symplectic structures are 
those which are invariant by left translation of elements of the group, that is, 

The left invariance property allows to work on the Lie algebra q. By denoting by 
{e'} the dual basis on g* of the basis {ci} on g, the following proposition summerizes 
the results in the notation compatible with Proposition H2.1|l . 

Proposition 4.2. Let G be a solvable real Lie group of dimension four. Then the 
following table listes such cases where there exists a left invariant symplectic struc- 
ture uj on G, give the general form of such one by imposing some extra condition: 
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Case 




Condition 


tf)3 


ai2e^ A + oise'^ A + 0146^^ A e*+ 
0236^ A + 0246^ A 


014023 — 013024 =^ 


tt3,0 


0126^^ A + oise^ A + 0146^ A e'* + 0346^ A e* 


O12O34 ^ 


tt3,_l 


ai2e^ A + 0136^ A + omc^ A + 0236^ A 


O14O23 7^ 


'^3,0 


ai2e^ A + aise^ A + ai4e^ A e** + 0236^ A 


O14O23 ^ 


t2t2 


ai2e^ A + aiae^ A e** + 0346^ A e** 


012034 7^ 




ai2e^ A + ai3-24(e^ A - A e'^)+ 
+ai4+23(e^ Ae^ + e^ Ae^) 


O14+23 + O13-24 / 


n4 


ai2e^ A + 0146^ A + a24e^ A e'* + 0346^ A 


012O34 


t4,0 


ai4,e^ A + 0236^ A + 0246^ A e'* + 0346^ A e'' 


014O23 ^ 


t4,-l 


aise^ A + 0146^ A + 0246^ A e'' + 0346^ A e'* 


013O24 


t4,-l,/3 


ai2e^ A + 0146^ A + 0246^ A + +0346^ A 


014O23 


r4,-i,-i 


ai2e^ A + aiae^ A e"^ + ai4e^ A e*'+ 
+0246^ A + 0346^ A 


012O34 — 013O24 ^ 


14,-1,1 


ai2e^ A + 0146^ A + 0236^ A 
+0246^ A + 0346^ A e'' 


012034 + 014O23 7^ 


a ^ -1,0 


ai4e^ A + 0236^ A + 0246^ A + a34e^ A e* 


014O23 


^4,0,(S 


aue^ A e'' + 0236^ A + 0246^ A e*+ 
+0346^ A e'' 


014O23 ^ 


34,1 


ai2-34(e^ A — A e*) + aue^ A e'' + 0246^ A 


012-34 ^ 


54,2 


012-34 (e^ A - e'"* A e'') + auc^ A e*+ 
+0236^ A e'^ + a24e^ A (i^ 


O12-34 + 014O23 # 


04,A 


ai2-34(e^ A - A e") + ai4e^ A e*+ 

1 2,4 
+a24e A e 


012-34 
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a-i2+M4(-e^ A + Se^ A e*) + 0146^ A e''+ 
+a24e^ A 


a-12+<534 / 


1)4 


ai2-34(e^ A - A e"*) + ai4e^ A e'' + 
+a24e^ A 


Q-12-34 / 



Table 



Proof. As all cases should be worked out in a similar way, we will give as example 
the proof of the case v'2, that is the Lie algebra which corresponds to aff(C). 

From the definition of the Lie bracket it follows that de^ = = de^ and simple 
computations following the properties mentioned at the beginning of the section 
allow to get — de'^ = e-^ A e'^ — A e**, and —de^ = A e'^ + e"^ A e^. At the next 
level we have: 

d{e^ A e^) = -e^ A A e'*, d{e^ A e**) = A A e^, d(e^ A e^) = -e^ A A 

d{e^ A e^) = -e^ A A e^ ^(e^ A e^) = -2e} A A 

Thus any 2-form u) that is closed has the form uj = ai2e^ A + ai3_24(e^ A e'^ — 
A e^) + ai4+23(e^ A + A e'^). Now oj is symplectic if it satisfies the conditions 
mentioned at the Table (|4.2|) for rj. 

Corollary 4.3. A four dimensional solvable Lie algebra admits an exact symplec- 
tic structure if and only if g is one of the following attached with the respective 
symplectic structure 



Case 




Condition 


r2r2 


ai2e^ A + 0346'' A 


ai2<i34 7^ 




ai3-24(e^ A - e'' A e") + 014+23 (e' A + A e^) 


"14+23 + 0,13-24, 7^ 


04,1 


ai2-34(e^ A - A e") + ai4e' A 


Q.12-34 / 


04,aA / 1 


ai2-34(e^ A - A e") + 0146^ A e* + 0246^ A e* 


ai2-34 / 


^'aJ / 


a-i2+i34(— A + 5e^ A e") + ai4e^ A + a24C^ A 


11-12+^34 / 


D4 


cii2-34(e^ A — e"* A e") + ai4e^ A + 0246^ A e'* 


ai2-34 / 



Remark 4.4. Compare with the results obtained in |Ca| . 



4.1. Appendix: Cohomology. To conclude this section we would like to compute 
the cohomology of these Lie algebras. Recall that for i > the cohomology of the 
Lie algebra q over R is given by the groups H'^{g), where 

, ^ kerd: A'(fl)^A'+i(g) 
imd: A«-i(0)^A»(0) 

and ker d denotes the kernel of d and im d denotes the image of d. The class of any 
element 6 S A(g) will be denoted by [9]. 

Proposition 4.5. The cohomology over M of any four dimensional solvable real 
Lie algebra is presented in the following Table: 
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Case 






^'(0) 


rf)3 


[e'][e1[e1 


[c2Ae3][e2 Ae*] 


[e^ Ae" Ae^][e^ Ae^ Ae"] 
[e^ A 6=* A 


rt3 


[el [el 


[e^ A e*] 





rt3,o 


[el [el 


[e^ A e"] 


[e^ A A e^] 


rt3,-i 


[el [el 


[e^ Ae*][e" Ae^] 


[e^ Ae" Ae^][e" Ae^ Ae"] 


rr3,A, A 7^0,-1 


[el [el 


[e' A e"] 







[el [el 


[e^ Ae-'lie" Ae^] 


[e^ Ae" Ae^][e" Ae^ Ae"] 


tl^3,7, 


[el [el 


[e^ A e''] 





r2r2 


[e1[e'] 


[e^ A e^] 





^'2 


[e1[e"] 


[e^ A e"] 





m 


[e1[e*] 


[e^ Ae"][e^ Ae*] 


[e^ Ae" Ae^][e" Ae^ Ae"] 


r4 


[e'l 








r4,o 


[el [el 


[e" Ae-^][e" Ae*] 


[e^ A A e-^] 


r4,-i 


[e*l 


[e" A e*] 





^4,-1/2 


[e'] 





[e' A A e^] 


r4,M, -1,-1/2,0 


[e'l 








t4,-l,-l 


[e*l 


[e^ A e^] 


[e^ Ae" Ae^ie^ Ae^ Ae"] 


r4,-i,/3 P / —1, —a 


[e'] 


[e' A e"] 


[e^ A A e*] 


t4,-l,l 


[e'] 


[e^ Ae^][e^ Ae^] 


[e^ Ae" Ae''][e" Ae^ Ae''] 


Xi,a,-a a / -1, 


[el 


[e" A e^] 


[e" A A e*] 


^4, a, (3 

a/-l,0, -/3,a-/3 = -l 


[el 





[e^ A A e^] 


t4,a,/3, a,/? 

not as above a — [3 ^ —1 


[e^] 








r4,o,^ 5 / 


[e^] 


[e" A e^] 


[e" A A e*] 


'^4,-l/2,i 5 7^ 


[e^l 





[e' A e'' A e^j 


t4,7,^ 7/ -1/2, 0,(5/0 


[el 








O4 


[el 





[e' A A e-*] 


54,1 


[el [el 


[e" A e*] 





04,2 


[e^l 


[e" A e^] 


[e" A A e*] 


04,A A / 1,2 


[el 








04.0 


[e^l 





[e^ Ae^Ae-*][e^ Ae^Ae*] 




[e^] 








f)4 


[el 









Table 



Proof. The cohomology can be obtained parallel to the computations made to get 
the Table l|4.2() . Continuing with the case tg, (worked out in the previous Propo- 
sition 14.2|l 'l. in the proof of this Proposition we can see that H^{q) = {[g'^], [e^]}. 
From the computations at the next level it is possible to prove that 9 G H'^{q) if 
and only if 9 belongs to the class [e^ A e^]. Since A A e^,e^ f\ f\ and 
Ae^^ Ae"* are in the image of d : A^(g) A'^(g), to get H^{q) we need to compute 
extra only the following: d{e^ A A e^) = 2e^ A A e'^ A and thus we get the 
results of the Table for this case. The other cases can be handled in a similar way 
to complete the proof of the Table H4.5() . 

5. KAHLER STRUCTURES 

In this section we would like to search for (left) invariant Kahler structures, that 
is for symplectic forms w on g such that there exists a complex structure J, which 
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is compatible with uj, that is 

uj{JX, JY) ^ uj{X, Y) for aU X, y e 

To this end it is necessary to compare the results in Tables H3.3|l and H4.2I) . We 
do not need to work with any complex structure but with a representative of its 
equivalence class. In fact, assume that there is a complex structure Ji such that 
there is a symplectic structure uj, which satisfies uj{JiX, JiY) — uj{X,Y) for all 
X,Y G g and assume that Ji is equivalent to J2. Thus there exists an automorphism 
cr G Aut(g) such that J2 = (t~ JiCT*. Then it holds 

uj{X,Y) = a*^'a*uj{X,Y) = a*^' Lu{Jia* X, Jia*Y) = lu{J2X,J2Y). 

Thus if there exists a symplectic structure uj compatible with Ji then uj is also 
compatible with any J2 which is equivalent to Ji, or equivalently if there is no 
symplectic structure compatible with Ji, then there is no symplectic structure 
compatible with J2. 

Any such Kahler structure defines a pseudo-Rieniannian metric on the Lie alge- 
bra in the following form: (p{X, Y) — uj{X, JY). The so defined pseudo-Riemannian 
metric is compatible with the complex structure J. 

The following table shows the results of our investigation. For a given complex 
structure we describe the general form of a compatible symplectic structure when 
it exists. 

Proposition 5.1. Let G be a solvable real Lie group of dimension four. Then the 
following Table shows for a given left invariant complex structure the general form 
of a compatible left invariant symplectic structure uj on G, when it exists (the so 
defined complex structure must be extended by imposing J^ = — Idj; 



Case 


Complex structure 


Kahler structure 




Jei — 62, Jea — 64 


ai26^ A 6^ + 0346^ A 
ai2 034 7^ 


r!)3 


Jei = 62, J63 = 64 


0126^ A 6^ + 0136^ A e" + ai46^ A e*- 
-ai46^ A 6^ + ai36^ A e" 
ai3 + "14 / 




J6l = 62, J63 = 64 


ai26^ A 6^ + a346^ A e" 
ai2a34 / 




J6i = 64, J62 — 63 


ai46^ A 6* + a236^ A 6^ 

ana23 =^ 


r2r2 


J6l = 62, J63 = 64 


ai26^ A 6^ + 0346^ A 6^ 

ai2a34 / 




J161 = 63, Jie2 = 64 


ai3-24(e^ A 6^ - 6^ A 64) + 

+ai4+23(e^ A 6** + 6^ A 63), ai3_24 + "14+23 / 


J261 = —62, J163 = 64 


ai2(6^ A 6^) + ai3_24(6^ A 6^ - 6^ A 64) + 

+ai4+23(e^ A 6* + 6^ A 63), 013.24 + "14+23 / 


^4,-1,-1 


Je4 = 61, J62 = 63 


ai26^ A 6^ + ai36^ A 6^ + ai46^ A 6^ + 

-ai36^ A e* + ai2e^ A e*, aja + ai3 / 



COMPLEX, SYMPLECTIC AND KAHLER STRUCTURES ON LIE GROUPS 13 



t4,-l,l 


Tpa — Pn Tpi — Po 


oa^p^ a 4- n^'le^ A p^ 
+^246^ A - ai2e^ A e'*, ai2 / 


^4,0,6 


J2e4 = ei, 7262 = —63 


rtAAp^ A _j_ mop^ A 
Ci\ACL2Z / 


04,1 


i/lcl — c4, (yic2 — c-S 


/iir, .I'p-'-Ap'^ p'^ /\ r->'^\ A- f^-, A ( P^ /\ p'^\ 

ai2-34 / 


04,2 


t/ie4 = —62, t/lCl = 63 


A c"^-!-/!-,.!:)^ A _1_ rin < is^ A 
tJl4fc /\ e -f- 0,146. /\ e -f- (2246 /\ 6 

ai4 / 


^264 = — 2ei, 7262 = 63 


ai46^ A 6^ + a23e^ A 6^ 

/I 1 A (1 'to =7= 


04,1/2 


J164 = 63, Jiei = 62 


012-34(6^ A 6^ - 6^ A6'*) 
ffll2-34 / 


J264 = 63, J261 = -62 


012-34(6^ A 6^ - 6^ A 6'') 
ai2-34 / 


5/0 


J164 = 63, J161 = 62 
J264 = —63, J261 = 62 

J364 = —63, Jsei = —62 
J464 = 63, J4ei = 62 


012-434(6^ A 6^ - 56^ A 6*) 
ai2-34 / 



Table rO 



Proof. We will give the proof in the case x'2 since all cases should be handled 
in a simialr way. As we can see on the Table ^6. '61 the complex structures on 

are given by: Jiei = 63, Jie2 = 64; and for the other type of complex structures, 

2 1 2 

denoting ai e C by ai = /i + iz/, with 7^ 0; we have J^^^ei = ^ei + )e2, 
J 11,1^^3 = 64. On the other hand any sympletic structure has the form: uj — ai2(e^ A 
e^) + ai3_24(e^ A - A 64) + ai4+23(e^ A e'' + A 63), with 0^4+33 + ai3-24 0. 
Assuming that there exists a Kahler structure it holds ijj{JX,JY) = lo{X,Y) for 
all X, y S g and this condition produces equations on the coefficients of lo which 
should be verified in each case. 

So for Ji we need to compute only the following: 

w(ei,e2) = ai2 = ^(63, 64) 

and 

w(ei, 64) = ai4+23 = ^^(63, -62) 

Thus these equalities impose the condition ai2 = 0. And so any Kahler structure 
corresponding to Ji has the form a; = ai3_24(e^ Ae'^ — e^Ae'')+ai4+23(e^ Ae^+e^Ae'^) 

with a?3_24 + 0^4+23 7^ 0. 

For the second case correspondig to J^.y, by computing 1^(62,64), u;(ei,e3), we 
get respectively: 

i) (1 + ^)a24-i3 = 7;ai4+23 

ii) (1 + ^^-4^)024-13 = -^ai4+23 
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By comparing i) and ii) we get: 

(l + i)a24-13 = -(l + ^i^)a24-i3 

and this equality implies iii)a24_i3 = or iv)l + ^ + 1 + ^ = 0. As 024-13 ?^ 
(since in this case we would also get ai4+23 = and this would be a contradiction) 
then it must hold iv), that is + = — and that implies ^ = —2v—l — v^ = 
— {v + 1)^ and so that is possible only if /i = and ly = —1. For this complex 
structure J, given by Jei = —62 Jes — 64, it is not difficult to prove that for 
any symplectic structure ui it always holds uj{JX, JY) = uj{X,Y), that is, any 
symplectic structure on g is compatible with J. In this way we have completed the 
proof of the assertion. 
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